The distribution function of the particle occupation probability in the momentum space is investigated by the cluster variation method. The distribution function calculated in the two·body cluster approxima· tion often gives unreasonably too many particles jumping out of the degenerate state. A new condition is introduced to suppress the excitation of too many particles. The condition is applied to liquid helium· 4 and neutron matter. Numerical results show that the condition regulates the behavior of the momentum distribution function, and is useful to avoid an unnatural kinetic energy. § 1. Introduction
In a previous paper 1 ) we reported on a study of neutron matter by the cluster variation method. In that study we used the two-body approximation with a subsidiary condition related to the numbers of spin-singlet and triplet pairs. Since then, we have found another type of condition related to the momentum distribution of particles. In this paper, we report on our study of liquid helium-4 and neutron matter with use of this condition in the two-body approximation. It is hoped that these conditions improve the quality of the low-order approximation (typically the two-body cluster approximation), although confirmation of this statement will only be made by higher-order calculations. 2 ) Many of the conditions proposed so far 1), 3) are directly related to the spatial pair distribution function. By imposing these conditions kinematically or rather geometrically, unreasonable pair distribution function can often be eliminated. The potential energy is expressed as the integral of the product of the potential and the pair distribution function. Therefore, the above conditions serve to eliminate unnatural potential energies. On the other hand, we can avoid the occurrence of unnatural kinetic energy t) only by giving due consideration to the degrees of freedom other than the spatial distribution of the constituents. In the following, we discuss a new condition related to the occupation probability of particles in the momentum space. Ristig and Lam 4 ) pointed out that in the electron plasma the particle distribution function in the momentum space has a logarithmic singularity at the Fermi momentum. This singularity occurs in any system as long as the pair correlation function has a long-range tail. As shown in §3, the solution of the unconstrained Euler-Lagrange equation in the two-body approximation has a longrange tail, corresponding to an unphysical situation that an infinite number of particles jump out of the degenerate state. In §2 we derive a new condition which eliminates such an unphysical situation. We apply this condition to liquid helium-4 in §3 and to neutron matter in §4. In these sections, we shall show that the long-range tail of the pair t) In some extreme cases, even the positivity of kinetic energy is violated. correlation function is eliminated and a natural behavior of the momentum distribution function can be obtained by imposing the condition. Section 5 is devoted to discussion. § 2. Momentum distribution condition
We consider the single-particle distribution function in the momentum space n( q) which is defined as the occupation probability of the single-particle state with momentum hq. For simplicity, we use the distribution function which is averaged over intrinsic degrees of freedom. Let us calculate the expectation value o(an operator
where w(p;) can be any function of the single-particle momentun operator Pi, and N is the total number of particles. This expectation value can be ~xpressed with use of the single-particle distribution function n( q). On the assumption that the volume of the system (Q) is very large and the system is spatially uniform, we have (2) where w is the multiplicity of the single-particle states due to intrinsic degrees of freedom. For example, w=4 for nuclear matter, w=2 for neutron matter, and conventionally w=l for the zero-spin boson system. Equation (2) may be used for the calculation of n( q ). The function n( q) must satisfy some general conditions. In any case,
In the case of a fermion system, n( q) has an upper limit:
In order to discuss conditions further, we first derive an expression for n( q). We evaluate the left-hand side of Eq. (2) by the cluster variation method, by using the wave function ( 1Jf) of J astrow type:
for boson system, (5) for fermion system, where ([J is the Slater determinant, and the functions I(iri-rjl) and lij(iri-rjl) are twobody correlation functions which reflect the correlation of the pair of particles. The operator (5 is the symmetrizer with respect to the order of the product. It is necessary when the functions lij (iri-r;i) do not commute with each other. Then, the expectation value of (j can be expanded into the cluster series (6 ) The expression for the m-body cluster term X m depends on the properties of the constituents, especially on their statistics.
First, we consider a system consisting of one kind of bosons. We define w(p i) as (7) where Wo is a constant, and
Then, the first two cluster terms in Eq. (6) are obtained as
The second equality of Eq. (10) is due to the fact that the functions f(1 rl-r21) and f(lrl-r21)-1 have the same Fourier transform g(k) except for k=O. We take the ordinary boundary condition for fer). Namely,
within the hard core, if any,
Then, the Fourier transform of f( r) has a singularity of 0 -function type, whereas that of f( r )-1 does not. Therefore, the second expression in Eq. (10) is much easier to handle. Now, we denote the Fourier transform of f(r)-l by g(k) for the whole k-space. Namely,
Substituting Eq. (12) into Eq. (10), we have (13) and, in the two-body cluster approximatio n, we get
On the other hand, from Eqs. (2) and (7) we obtain (15) where the subscript B means the boson system, and w in Eq. (2) The positivity condition (3) is certainly satisfied by this distribution function at I ql >0, but at Iql=o it requires the following inequality:
This quantity TJB is the ratio of the excited-particle number to the total number, and is referred to hereafter as excitation ratio. It can also be expressed as
In §3, we apply the condition (19) to the study of liquid helium-4. Now, we turn to fermion systems and take up neutron matter as an example. Although the correlation function fij(lri-rji) contains, in general, complicated terms reflecting the strong state dependence of the nuclear force, we assume a simple spindependent function of the following form:
where 1 Pij and 3 Pij stand for the projection operators for the spin singlet and triplet pairs respectively.*) Thefunctions 1f( r) and 3f(r) are the correlation functions for these spinmultiplet pairs, and must satisfy the same boundary condition as Eqs. (lIa) and (lIb). Now, we can derive expressions for the cluster terms Xl and X 2 by a straight-forward calculation as with and (m=l, 2) 
+ i~Ff{fC'f(r)-1)jo(lplr )drr H(kF-lp+ql)dp (25) (26) Then, in the two-body cluster approximation, we have the distribution function of the fermion system (neutron matter) as (27) The function nF( q) must obey the law of particle-number conservation:
We can analytically show that this condition is satisfied in the two-body approximation. N ext, we define the excitation ratio for the fermion system by (29)
By using Eq. (24) we obtain the expression for 7jF in the two-body approximation as
The quantitY7jFN represents the number of the particles excited above the Fermi sea. The ratio 7jF must satisfy 7jF::;; 1.
This inequality gives a rigorous upper bound for 7jF. In many cases, however, we get more reasonable results by putting a smaller upper bound 710 as
where 710 is a constant smaller than unity. There is no definite rule in determining the value 710. However, when we study neutron matter in §4, we apply the inequality (32) by choosing a certain value for 710 from a physical point of view. § 3. Liquid helium-4
In this section, we apply the condition (19) to the study of liquid helium-4, and investigate how the condition affects variational calculations. The energy per particle can be expressed in the two-body cluster approximation as (33) where v( r) stands for the potential. We search for the correlation function f( r) that minimizes the functional EB while satisfying the inequality (19). However, before going into this problem, let us consider the case without the condition (19) . In this case, the optimum function is obtained by solving the unconstrained Euler-Lagrange equation,
.
with the boundary condition (11). The solution of Eq. (34) has a long tail as
where a is the scattering length. Owing to this asymptotic form, the function nB (q) badly diverges to infinity as I ql ~ 0, and hence the excitation ratio TJB also becomes infinity.*) We can, therefore, conclude that the condition (19) is indispensable to discuss the momentum distribution in the two-body cluster approximation unless the scattering length is zero. N ow let us investigate the constrained variation. First we define the functional
where AB is a Lagrange multiplier. By setting the first-order variation of IB equal to zero, . we get the constrained Euler-Lagrange equation, 3) Calculate EB and TJB by using expressions (33) and (20) . Note, here, that there is a relationship between the quantities EB and TJB through the parameter AB. If EB is a decreasing function of TJB, the optimum value of TJB which gives the minimum of EB within the range limited by the inequality (19) is TJB=1. It is numerically confirmed that the quantity EB is certainly a decreasing function of .TJB in the present case. Hence, the following process will conclude the whole procedure. 4) Adjust the value AB and repeat the above steps until the calculated value of TJB becomes unity.
We The energy per particle is shown in Fig. 1 as a function of the parameter ro which is defined by The negative of As is given in a logarithmic scale. 
The calculated minim,um should be compared with the experimental data indiCated by the cross. The Lagrange multiplier ItB is shown in Fig. 2 . The absolute value of ItB rapidly increases as the system becomes dense. It follows from this and Eq. (38), that the function f( r ) "heals" within a shorter distance as the density increases. o The examples of f2( r) given in Fig. 3 show this situation. In the denser case (ro = 2.2A) the peak of the function F( r) is considerably suppressed. This seems to be favorable for the convergence of the cluster series. Finally, some examples of the distribution functions nB( q) are shown in Fig. 4 .
As stated above, we have attained the energy minimum at TJB = 1, which corresponds to the absence of the Bose condensation in the ordinary sense. However, we cannot insist on this result too strenuously, because we have only worked in the lowest-order approximation; we rather feel that our result· is not inconsistent with the smallness of the condensate part (several percent) which was obtained by other authors. In Fig. 1 the energy per particle is also shown for TJB=0.9. Itshould also be noted that the superfluidity seems to be more intimately connected with the independent-particle part of the wave function. This part in our wave function (5) is a constant (Q-NI2), which means that all particles are in the single-particle state of zero momentum corresponding to 100 % condensation in a sense, irrespective of the value of TJB. § 4. Neutron matter
The energy per particle in neutron matter is expressed in the two-body cluster a.pproximation as (42) with (43) Here, (44) and 1V( r) and 3V ( r) are the nuclear potentials in the singlet-even ( v = 1) and triplet-odd (v=3) states respectively. We find the minimum value of the functional EF under the condition (32). The Euler-Lagrange equation to be solved is In this case, conditions (3), (4) and (31) are badly violated. Even if the function" j( r) are chosen so as to satisfy the condition (31), the function will remain discontinuous, and either or both of conditions (3) and (4) will be violated. This means that condition (31) is still too weak to regulate the function nF( q ). One way to solve this situation is to strengthen the condition (31), which may be achieved by using the alternative inequality (32). The new upper limit Tjo should be low enough to make the function nF( q) behave reasonably, and as a natural choice, we take, in the present paper, the value of Tjo which makes the distribution function nF( q) satisfy the following inequality: It turns out that the energy minimum under condition (48) , discontinuity vanishes, and the procedure is In the case of liquid helium-4, the calculated energy minimum is 20 % deeper than the experimental value. Higher-order correlations may reduce this overbinding. It is noteworthy that in spite of its relative simplicity the present calculation explains the exper· imental results fairly well. This proves the effectiveness of the present momentum condition. As for the neutron matter calculation, we have used the semi-realistic potential and correlation function. In order to make a more quantitative argument, we have to use a more realistic nuclear potential. In such a case, the attractive component of the potential such as the spin-orbit force in the triplet-odd state will still be effective in the high-density region. Therefore, the predominance of the momentum condition in that region might not be so obvious as in §4.
In this work, we have limited our calculations to the lowest-order (two-body) approximation. However, the conditions developed in §2 are, in principle, extensible to calculations of arbitrarily higher order.
It· should be noted that, if the potential has a hard core of radius r c, the lower limit of 1jB in the two-body cluster approximation (Eq. (20» is (47(/ 3)rc 3 owing to the boundary condition (11). Hence, from inequality (19), we have the upper limit of the number density as This restriction is too severe because the real upper limit, which corresponds to the closest In the case of a soft-core potential, however,this inconsistency will be less severe. It is also expected that this inconsistency will be diminished if higher-order cluster terms are taken into account.
